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A study of optimal feedback control of the dynamic response of cantilevers exposed to blastloadingsis presented.
The structure to be controlled consists of a thin-walled beam of closed cross section contour that encompasses a
number of nonclassical features such as transverse shear, primary and secondary warping, and anisotropy of
the constitutent material. The control is achieved via the use of actuating and sensing capabilities provided by
piezoelectric devices that are bonded or embedded into the host structure. In addition, the directionality property
of advanced fiber-reinforced composite materials is also used to tailor the host structure to obtain an enhanced
dynamic response. The cases of piezoactuators spread over the entire span of the structure or in the form of a
patch are considered, and issues related with the influence of patch location and size on the control efficiency are
discussed. Other issues related to the minimization of the required input power and implications of the limitation
of control input voltage and of those generated by the inclusion/discard in the quadratic performance index of
time-dependent external excitations are also addressed.

I. Introduction

HE increasing need for high-speed, highly flexible, and light-

weight structural flight vehicles, capable of operatingin severe
environmental conditions, has prompted the development of a new
concept in the modeling, analysis, and control of structures. This
conceptis based on the extensive use of advanced composite mate-
rial structures' and integration in their construction of smart mate-
rials technology? Such structures are often called intelligent/smart
composite material structures.

As smart materials, the piezoelectric elements are successfully
used in the feedback control of structures. Among the attributes
contributing to their widespread use in control applications are the
efficient conversion of electrical to mechanical energy, the ability to
perform shape control, and the mechanical simplicity of the actu-
ator. Whereas the sensing capability is achieved through the direct
piezoelectriceffect consisting of the generation of electrical charge
due to the input strains, the actuating capability is achieved through
the converse piezoelectric effect, which consists of the generation
of localized strains in response to an applied voltage. This induced
strain field produces, in turn, a change in the dynamic response
characteristics of the structure. Implementation of a control law re-
lating the applied electric field with one of the kinematical response
quantities of the host structure according to a prescribed functional
relationshipresults in a closed-loopboundary-valueproblem. How-
ever, to suppress the oscillationsin the minimum possible time and
with the minimum expenditureof energy, optimal control strategies
have to be implemented.

Moreover, in view of the damaging effects the time-dependent
loads might have on structural integrity and operational life of flight
vehicle, adequate methodologies able to predict and control their
dynamic response have to be devised and used.

Hererin both the optimal feedback control methodology and the
directionality property of fibrous composites are used to control
the dynamic response of cantilevered thin-walled beam structures
to time-dependentexternal excitations. The cantilevered beams can
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serve as a basic model for a number of structures used in the aero-
nautical and aerospaceindustries, such as airplane wings, helicopter
blades, robotic manipulatorarms, and space booms, as well as other
technological applications.

As for time-dependent loads, these can be induced by nuclear
blast, gust, sonic boom, shock wave, fuel explosion, etc. Implemen-
tation in such sensitive structural systems of advanced capabilities
to control their dynamic response to time-dependentexternal loads
constitutes issues of vital importance toward prolonging their oper-
ational life and successful accomplishment of their mission.

II. Basic Statements

Two coordinate systems are used in the forthcoming develop-
ments: 1) a global rectangular system, (x, y, z), where x and y are
the cross section beam coordinates and z is the spanwise coordi-
nate, and 2) a local system (n, s, z), where n and s are the thickness
coordinate normal to the beam midsurface and the tangential coor-
dinate along the contour line of the beam cross section, respectively
(see Fig. 1). The master structure is assumed to be composed of r
anisotropicmaterial layers, whereas the piezoactuatorsare assumed
to exhibit symmetry properties with respect to the n axis, coinciding
with the direction of polarization (rotary symmetry). As a result, the
surface of isotropy of the piezoactuatoris parallel at each point to the
midsurface of the beam. In addition, it is supposed that piezoactua-
tors are in the form of patches distributed along the circumferential,
thickness, and spanwise directions, s, n, and z, respectively,accord-
ing to the law

Ruy(n) =Y(n —m-) =Y (n —nmy+)
R(k)(s) = Y(S - Sk—) - Y(S - Sk+)

R(2) =Y(z—2) - Y(z-2) M
In these equations Y (-) is the Heaviside distribution, R is a spatial
function, and subscript k identifies the affiliation of the indicated
quantity to the kth layers. In the limit, when z; =0 and z, =L, the
actuators become spread over the entire beam span.

To obtain the basic equations for the master structure, the fol-
lowing assumptions are adopted: 1) The cross sections of the beam
do not deform in their own planes. 2) Transverse shear flexibility
featured by the advanced composite material systems is taken into
consideration. 3) The hoop stress resultant Ny is negligibly small
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Fig. 1a Geometry of thin-walled beam.
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Fig. 1b Piezopatch configuration; piezoactuator thickness * =
0.00787 in.

compared to the remaining stress resultants. 4) Anisotorpy of con-
stituentlayer materials of the host structureis included in the model.
5) It is a nonuniform torsional model, in the sense that the rate of
twist d®/dz is a function of the spanwise coordinate. 6) Primary
and secondary warping effects are included in the structural model.

III. Governing System: Basic Equations

In view of the listed assumptions and of the results in Refs. 3-7,
the strain measures assume the following form.
Axial strain:

S.(n,s,z,0) =8.(s,2,0) +nS_(s,2,1) (2a)
where
S..(s,z,1) =wj(z, 1)+ H'y(z, Dx(s)+0.(z, 1) y(s) —O"(z, ) F,(s)
(2b)
and

§ZZ(S’ <, t) = 9;(Z’ t);l_: - Qly(za t)% - ®//(Z, t)a(s) (2C)

are the axial strainsassociated with the primary and secondary warp-
ing, respectively.
Tangential shear strain:

Si(5.2.1) = 8,.(5, 2. 1) + 2(Ac/ B)O'(z. 1) (3a)
where
_ d d
S,(5.2.1) = [0,(z. 1) + ul(z, t)]d—f +10.(2. 1) + vz, t)]d—f
(3b)
Transverse shear strain:
d d
8,5, 2. 1) = [0,(z. 1) + u(z. t)]d—f — [0z, 1) + V)2 t)]d—f
@)

In these equations and in the remainder of the paper, (+)' = 9(-)/0z.

In addition, uo(z, t), vo(z,t), wo(z, 1), 6,(z, 1), 6(z,t), and
®(z, t) are the translationsin the x, y, and z directions and the rota-
tions aboutthe x, y, and z axes, respectively. These one-dimensional
displacementmeasures are used to define the three-dimensionaldis-
placement vector of components u, v, and w in the x, y, and z di-
rections, respectively. In the same equations, F,(s) is the primary
warping function, A, is the cross-sectional area bounded by the
midline contour, 3 is the total length of the contour midline (see
Refs. 3-7).

For the general case, uy(z, t), vo(z, t), and wy(z, t), and 0,(z, 1),
0,(z, 1), and ©(z, 1) constitute the basic unknown functions. When
transverseshearis ignored, 6, — —v6 and 6, — —uf], and as aresult,
the number of unknownsreduce to only four independentquantities.

However, as is well known,>¢ for aircraft wings, the bending-
twist elastic coupling appears to be the most beneficial one, in the
sense that it enables one to enhance their structural/aeroelastic re-
sponse behavior.

As it was shown in Ref. 8, the ply-angle distribution with respect
to the spanwise z axis inducing such a cross coupling is

0(y) =—=6(-y) ®)

Two distinctcases, case a) and case b), will be consideredin the next
developments: In case a the piezoactuatoris constituted of a single
patch of finite size distributed along the beam span, and in case b
the piezoactuatoris spread over the entire span of the beam. In both
cases, the actuators are modeled as symmetric pairs mounted on the
top and bottom external beam surfaces.

As aresultof the implementationof the ply-anglescheme defined
by Eq. (5), in view of the results obtained in Refs. 3-7 and of the out-
of-phase actuation, the governing equations of the combined host-
piezoactuator structure, written in an unified way for both cases a
and b are as follows:

Svo:  ass(vy + 6) + as,®" + py =bivy (62)
86,1 a0 +ay0®" —ass(vy + 6,) — ass®" — M.,

= (by +byy) 0, (6b)
80: _g @M +an0" —as(vy + 0)) + a0 = (bs + bs)®
(6c)

For cantilevered beams, the boundary conditions to be prescribed
are as follows:

Atz =0,
Vo = 0 (73.)
6, =0 (7b)
=0 (7¢)

Atz=L,
Svg:  dss (V6 + 9,() + 450" =0 (8a)
86, a0 +ayn0 = S M, (8b)

80: g0 + a770' — asg (Vg + 91) +ay0 =0 (8c)

50’ ase (V6 + 9,() + q®" =0 (8d)

The terms underscored in Eqs. (6-8) by single and double dotted
lines are associated with warping inhibition and rotatory inertia,



NA AND LIBRESCU 493

respectively.In the case of the Saint- Venant free warping model, the
terms underscored by a single line become zero-valued quantities.

In the case of the material of the host structure featuring trans-
versely isotropic properties, the bending and torsion motions
become decoupled. Within such a special case, only the bending
motion is considered. Details on the expressions of the stiffness
quantities proper to this special case are supplied in Ref. 4.

For the infinitely rigid in transverse shear beam model, that is,
for Bernoulli-Euler-Rayleigh structural model, Egs. (6-8) modify
as follows:

Svo:  apvy —ayu®” —p, + 5PM;’ ==b\Vo+ (b, + b,) i
(9a)

80: _q @ +an0" —apvy +m, =(by + bs)® (9b)

and the boundary conditions become, at z =0,

® =0; o =0 vo =0; vo=0  (10a-d)
andatz =1L,

Svo: anvy = (b4_+£714l"’.g (11a)

) ayn® —asvl = 5M, (11b)

cz@_ :a(,ﬁ(a’_” +a;;0" —ayv) =0 (11c)

30" 80" =0 (11d)

From Egs. (6) and (9) itappearsevident that, in the cases of shear de-
formable and infinitely rigid in transverse shear thin-walled beams,
the governing equations exhibit the same order, namely, eight. As
a result, in both cases the same number of boundary conditions,
namely, four, has to be prescribed at each edge. A similar charac-
teristic was noticed to exist also within the solid beam model (see
Ref. 9).

In these equations, the tracers dp and &5 take the values 1 or zero,
depending on whether the actuator constitutes a piezopatch located
along the beam span (in which case §p =1 and s =0) or is spread
over the entire span of the beam (which requires 6 =1 and 6 =0).
Whereas in the former case the piezoelectrically induced moment
occurs in the governing equation, in the latter one it intervenes in
the boundary conditions at the beam tip, and as a result the con-
trol is achieved via the piezoelectricallyinduced boundary bending
moment.

For the general case, the expression of the piezoelectrically in-
duced bending moment is given by (see Ref. 6)

£
Y (k) (k)
M, = E & (n(k+) - n(k—))e31 Ryy(s, 2)

Cr=1

App dx B,
x|y[1-=2 )+ =22 |dgs
All ds All

£
! dx
3 ,¢ [E Z 5;’0 (”(2k+) - nfk—>)e§k1>R<k>(s, Z)i|ds (12)
c Lds

k=1

where £ is the number of piezoelectric layers.

Equation (12) reveals that the piezoelectrically induced bending
moment is proportional to the applied electric current &;. In the
case of actuators symmetrically located through the thickness of the
beam, the underlined term in Eq. (12) vanishes.

When the actuators are distributed over the entire beam span,
R(s, z)= R(s), and M, becomes independent of the z coordinate.
Consequently, its contributionin the governing equations becomes
immaterial and, as a result, it appears in the boundary conditions
only.

In contrast to this case, that is, when a piezoelectric patch is
involved, Mx = Mx(z), and consequently its contribution appears
solely in the governing equations.

In the case of piezoactuators constituted of a patch, the stiffness
quantities a;; and the mass terms b; can be cast as

a;; = a;; + opd;; + 5Séij (13a)

b; =b; + &pb; + 5Si7i (13b)

where the terms affected by an overbar and the circumflex signs
are associated with the host structure and the piezoactuators, re-
spectively. Their expressions are supplied in different contexts in
Refs. 6 and 10.

Because the applied electric field £5 can be expressedas V (¢)/ h,
in the case of a piezopatch, an alternative representation for the
piezoelectricallyinduced bending moment is obtained as

M(z,1) =CV()[Y(z —z)) = Y(z — 2)] (14)

where C is a constantdependenton the mechanical and geometrical
properties of the piezoactuator and host structure whereas V() is
the applied input voltage (out-of-phase actuation).

IV. Discretized Boundary-Value Problem

To discretize the boundary-value problem, vy(z, t), 6,(z, t), and
®(z, t) will be represented as

vo(z, 1) = VI(2)g,(1), 0.(z, 1) = R"(2)qr (1)
O(z,1) = 8" (2)gs(1) (15)
where
V() =[vi,va, ..., a1, R(z) =[ri,ra,....1rx]"
S(2) =[s1, 8, ..., 551" (16)
are the vectors of trial functions, whereas
,q}’v]T,

T
as() =[a8. 45, ... a] (17)

. =[q.4q,... ar () =[qk a%, ... q%]"

are vectors of generalizedcoordinates and the superscript 7 denotes
the transpose operation of a matrix.

These representationsof displacementmeasures are used directly
in Hamilton’s variational equation,

1
5J=/ (6T =6V + oW)dr =0 (18)

10

which is considered in conjunctionswith the conditionsat t =1y, f;,
vy =06, =0 =0 (19)

In this context, the identity concerning the convolutionintegral

/& 8z = 8)gx)dz = (—1)Vg'(¢) (20)

20

which is valid when ¢ € [z, zi], and where Y"(z) =8,(z), 6p()
being the spatial Dirac’s distribution, and &), = d/5,,/dz/ will also
be used.

Herein T and V are the kinetic and strain energies, respectively,
W is the work done by the external distributed loads, f, and ¢, are
two arbitrary instants of the time 7, and d1is the variation operator.

Performing the integration with respect to the spanwise z coor-
dinate and with respect to time, and keeping in mind Hamilton’s
condition, from Eq. (18) one obtains the discrete equations of mo-
tion:

MG+ Kq=Q—Fu (21a)
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where M and K are the mass and stiffness matrices, respectively,
of the structure considered in its entirety, that is, of the host and
piezoactuators, whereas u is the vector of the control input. In ad-
dition,

L
0= / pyvidz (21b)
0

F = [ri(zp) = ri(z1)] (21c)

are the generalized vector of time-dependent external excitations
and the vectorof piezoelectricallyinduced bending moment, respec-
tively. These expression of M and K are displayed in Appendix A.

By the defining of the state vector as x(7) =[g7(¢), 4" (t)]" and
then adding the identity § =¢, Eq. (21a) can be cast in state-space
form (e.g., see Ref. 7):

x(t) = Ax(t) + BQ(t) + Wu(r) 22)
where
A= 0 ! (23a)
Tl-MK o 2
0
B = y-! (23b)

w=| ° 230)
T -M'F ¢

V. Optimal Feedback Control

For the optimal control problem, given an initial state x(%,), the
goalis to find a control vector u(t) defined on t € [#o, tf] that drives
the state x(f;) to the desired final state x(¢,) in such a way that a se-
lected performanceindex is minimized. In a number of recent works
(see Refs. 11-13), it was argued that the standard algorithms aimed
at optimally controlling the structures exposed to time-dependent
external excitationsdo notinclude the time-dependentexternal load
in the performanceindex to be minimized. Incorporationof this term
results in a time-dependent performance index that has to be mini-
mized at any instant of time, where the terminology instantaneous
optimal control afforded to this control algorithm comes from.

Upon adoptinginstantaneousoptimal controlconceptand follow-
ing the approach of Refs. 12 and 13, the augmented performance
index including the constraintequation (22) is represented as

L, Tl T T
J (1) = Ex (tp)Tx(ty) + E(x Zx + u' Ru)

+ k" [Ax(t) + Wu(t) + BQ(t) — x]} de (24a)

in which k() is the vector of Lagrangian multipliers (referred to
as the costates), Z and R are, respectively, positive semidefinite and
positive weighting matrices, T is the nonnegative definite weighting
matrix associated with the error in the terminal state at =7, and
u” =[u,,...,u,], where m is the number of piezoactuatorpatches.
For large weighting matrix Z, the response is small and the required
active control u(t) will be large. As a result, suitable Z and R that
provide a desired balance between the state variable responses and
control efforts, while satisfying performancerequirements and con-
straints, should be determined.
By expressing Eq. (24a) as

1 7
J,(x, %, k; t) = ExT(tf)Tx(tf) + / gx,x,u,k;t)dr (24b)
o

where

gx, %, u, ks t) = $(x"Zx + u" Ru)

+ Kk [Ax(r) + Wu(t) + BO(1) — %] (24c)

the necessary conditions for the optimality can be found by setting
the first variation of Egs. (24) to be zero, which yields

1y og T 0g !
—_— — T P e :
8J, =0=dx (tf)Tx(tf)'i"/m {(ax> &”Jr(ax) o
g ! 98 '
+(5> 5u+(ﬁ> 5k}dt (25)

where
)
%8 oz + ATk (26a)
ox
)
2k (26b)
ox
)
2 _Ru+W'k (26¢)
ou
08 .
E=Ax+Wu+BQ—x (26d)

Integration by parts of the second term in Eq. (25) and making
use of Eq. (26b) yields

v |Tog o/ oz \
5J“=0=/ |:_g__ _g i|5x‘+ 2 su
© ox ot| ox ou

T
+ ( %) 5k} dr + k" (16)8x(to) + [x7 (1))T — k" ()] &e(ty)

@7

Inview of Egs. (26) and (27), the necessary conditionsfor optimality
are

Zx + ATk +k =0 (28a)
Ru+Wk=0 (28b)
X(t) =Ax + Wu + BQ (28¢)

Because the initial conditions x(7,) are known and the final states
x(t;) are assumed free, from Eq. (27) one obtain the boundary con-
ditions

() =0 (29a)
which is equivalent to x(#;) =x,, and
x" ()T —k"(t;) =0 (29b)

To find the optimal feedback control law, we express Eqgs. (28)

dx] _[a -wr'w'|[x]_ [BQ
sl TR e

Denote @ as the transition matrix of the Eq. (30) and let it be
partitioned according to the dimensions of x and k as follows:

o1 i
D= 1
|:¢21 ¢221| GV

The solution of the Eq. (27) can be expressed in terms of final states
as

[x(t)} _ |:¢11(t =) dull - m] [x(m}
k(1) G (t —17) ot —1p) | | k(1))

on-o dnt-o)][BO
d 32
+/,f[¢21(t—r> ¢22(t—r>M0] i 2

as
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Using in Eq. (32) the boundary condition (29b), one obtains
x(1) =@y (t — tp)x(ty) + Do(r — 1p)Tx(ty)

+ / @, (t — 7)BQ(7)dr (33a)
i
k() =Dy (r — t7)x(ty) + Doo(t — t,)Tx(1f)

+ / @, (t — 1)BQ(7)dr (33b)
1y

Solving for x(¢;) from Eq. (33a) and then substituting it into
Eq. (33b) yield the costates k(t)

k(1) = P(1)x(t) +d(1) (34)
where
P(t) = [Dy(t — 1) + Doy (1 — 1) T D11 (1 — 1) + Py (1 —1)T] !
(35a)
and
dt) = —P(t)/ ®@,,(t — 1)BO(x) dr + / @, (t — 1)BO(7) dv
! ! (35b)

By virtue of Egs. (28b) and (34), the linear optimal control law can
be expressed as

u(t) = —R-'WTP(t)x(r) — R-'WTd(r) (36)

To determine P(¢) and d(t), we differentiate Eq. (34) with respect
to time, which yields

k=Px+Pi+d (37a)

which by virtue of Eqgs. (28) and (34) yields
k=-Zx —AT(Px +d) (37b)
& =Ax — WR™'W'k + BQ (37¢)

Replacement of Egs. (37b) and (37c) into (37a) and keeping in
mind that the obtained equationholds for the states x(), at any time
t € [to, t/], resultin

P=-Z—-A"P—PA+PWR'W'P (38a)
d=—(A" — PWR'W")d — PBQ (38b)

To determine P(¢) and d(t), which appear in the optimal control
law described by Eq. (36), the preceding two equations have to be
integrated backward in time in conjunction with the conditions at
= tf .

P(i)=T (39a)
dit;) =0 (39b)

When BQ is neglectedin the functional J, (), by virtue of Eq. (35b),
yieldingd =0, a simplification of the optimal control law is emerg-
ing.

If, in addition, the terminal time 7 approachesinfinity, the Riccati
gain matrix P(t) becomes a constantmatrix P., which is the solution
to the nonlinear algebraic Riccati equation

A'P, +P,A—-P.WR'W'P.+Z =0 (40)

obtained as a special case of Egs. (38a). In this case, the correspond-
ing steady-state linear optimal control law is given by

u(t) = -G x(t) (41)
where the optimal gain matrix in the steady-state case is given by

G =R'w’'p (42)

Under a number of conditions, the algebraic Riccati equation has a
unique, positive definite solution P, that minimizes the performance
index

1 0
J = 5/ [x"Zx + u” Ruldr (43)
0

when the control law, Eq. (41), in conjunctionwith Eq. (42) is used.

Note that the state weighting matrix Z was chosen so that the first
term in the cost functional represents the sum of the system kinetic
and potential energies

I I
= / [x"Zx]dr = —/ [¢" Mg + q" Kq] dt (44)
2 0 2 0

where ¢ are vectors of generalized coordinates.

Furthermore, R was chosen as R = oF T KF (see Ref. 14) from
the consideration of the structural configuration as well as actuator
location, where F represents actuator influence vector r/(z) and o
is a scaling factor. This enables one to synthesize the controllers to
achieve a proper tradeoff between control effectiveness and control
energy consumption by varying the relative magnitudes of Z and
R. However, by virtue of Eq. (44), only R remains as the design
parameter.

As mentioned, in the case of piezoactuatorsspread over the entire
span of the beam, the piezoelectricallyinduced bending moment M,
appears in the boundary condition at z = L, only. Its expressionis

M, =Fu, u=CV(t) (452)

F=ri(L) (45b)

In addition to this modification, the mass and the stiffness are ob-
tained by setting 6 =0 and &5 =1 in Egs. (13).

VI. Saturation Constraint

In some situations, the required control moment can exceed the
moment output capability provided by the actuator. This is due to
the limited voltage that can be applied to the piezoactuator. Beyond
this limited value, the saturation of the piezoactuatoroccurs. There
are several approaches enabling one to handle the problem of the
optimal control subjected to saturation constraint of the controller.
Within this study, the idea presented in Refs. 15 and 16 enabling
implementation of the optimal control in both unsaturated and sat-
urated regions of the actuator will be followed. In this case, rather
than reducing the feedback gains to accommodate the constraint,
the actuator limitation is explicitly addressed in the optimal control
algorithm. To reflect the control force limitation on the actuator, the
commanded control outputmust satisfy for¢ € [, ¢ ] the condition

—Uax S U(E) = Ui (46)
For the unsaturated controller, the optimal controller is obtained as

u(t) = —R™'"W"k(1) (47
In light of Eq. (46), this is valid for

[—R™'WT k()| < ttmax (48)

VII. Sensor Output Equation: Power Required
for the Control
Herein one assumes that the piezoelectric elements can be em-
ployed concurrently for sensing and actuation. For the sensing op-
eration, setting &5 =0, the electric displacement results as
D; =e3,8..

2z

(49)

and keeping in view the expression of the strain measure in the
piezofilm, one obtains

D; = —631Y(S)9; (50)
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The electric charge due to the direct effect of the PZT materials can
be found through integration of the electric displacement over the
corresponding sensor area, so that

q,(t) =/ D;dA = —// e31y(s)0. ds dz (51)
A

The limits of integration in Eq. (51) depend on the sensor-patch
configuration.

The voltage across the piezoelectricsensor can be found by divid-
ing the charge developed in the sensor by the sensor’s capacitance
C, (see Ref. 17),

Vo) =q,(1)/ C, (52)

where C, depends on the patcharea A, thickness 4“, and the per-
mittivity of the piezoelectric material £};, accordingto (see Ref. 18)

c, =ena,l he (53)
The electric current required for vibration suppressionis

dg, (1 /
I =qc]1_t() = _/ e31y(s)0 ds dz

= —/ 631Y(S)[9x(22) - Qx(zl)] ds (54)

Accordingly, the electric power consumptioncan be obtained as the
product of the applied control voltage and currentas P =VI.

VIII. Time-Dependent Loads Associated
with Blast and Sonic-Boom Pulses

The case of explosive blast and sonic-boom overpressure signa-
tures will be considered. As was clearly established, the blast wave
reaches the peak value in such a short time that the structure can be
assumed to be loaded instantly and uniformly in the spanwise direc-
tion. In Appendix B the pressure pulses used in the presentstudy are
recorded. In addition, diagrammatic representations of considered
pressure pulses are included as insets in Figs. 2 through 12.

IX. Numerical Illustrations and Discussion

Although the obtained results are valid for an arbitrary cross-
sectional beam shape, the displayed numerical results are restricted
to the case of a cantileveredthin-walledbeam of symmetricbiconvex
cross section profile proper to a high-speed wing aircraft (see
Fig. 1la where its geometric characteristics are shown). For the
material of the host structure, two cases are considered in the
numerical applications: 1) a graphite-epoxy composite with its
on-axis elastic properties provided in Refs. 3-6 and 2) a trans-
versely isotropic material characterized by the Young’s modulus
E in the surface of isotropy (coinciding with the beam midsur-
face) and the transverse shear modulus G’ in the planes normal
to the isotropy surfaces. The piezopatch manufactured of PZT-4
piezoceramic (for its properties see Refs. 6 and 7) is located
as indicated in Fig. 1b. Throughout these results, P, =50 Ib/L,
and the aspect ratio of the beam, unless otherwise specified, is
AR(=2L/c) =6. In addition, the mass density of the material
considered is p =0.70135 X107 1b-s%/in. for the transversely
isotropic materials (Figs. 2-4), and p =0.143 X 1073 1b -s?/in. for
the graphite-epoxy material (Figs. 5-12). In Fig. 2, the controlled/
uncontrolled time-history of the beam tip dimensionlesstransversal
deflection V(=v,/L) of a transversely isotropic beam subjected to
a triangular-blastpulse, for selected locations along the beam span
of the piezopatch actuator of fixed size (z* =0.1L) is shown.

The results reveal that from the point of view of the control effi-
ciency the best location of the piezopatchactuatoris that toward the
beam root. The results emerging from Fig. 2 reveal that the control
efficiency decays as piezopatch location shifts toward the beam tip.
A similar conclusion was obtained in another context in Ref. 19.

In Fig. 3, the effect of transverse shear flexibility on dimension-
less beam tip transverse deflection time history of the controlled
and uncontrolled structure exposed to a sonic boom is shown. The
results show that for the uncontrolled structure, the unshearable
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------- uncontrolled
. 28=(0.2:0.1)L
0.0010 | ;= B - - —-28=(0.5-0.4)L
.‘\_ i ) - — 22=(0.8-0.7)L
0.0005 i
v i
0.0000
R ) L i b L
-0.0006 1 ™ - b
1
005 @
-0.0010 L : :
0 0.01 0.02 0.03 0.04 0.05

Time(s)

Fig.2 Influence of the piezopatch location on beam dimensionless tip
deflection time history; E/G' = 100 and P,, = 50 Ib/L. The case of the
unactivated beam is also displayed; blast loading.
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-0.0005

-0.0010

-0.0015

Time(s)

Fig.3 Influence of transverse shear on beam dimensionless tip deflec-
tion time history. The beam is exposed to a sonic-boom wave (¢, = 0.002s
andr =2.5: —— E/G' =0,and ---3 E/G' =100).
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Fig.4 Influence of transverse shear on beam dimensionless tip deflec-
tion time history: ——, E/G’ =0,and ---+, E/G’ = 100; rectangular pulse.

beam model, that is, corresponding to E/G’ = 0 underestimates
the transversedeflection as predicted by the shearablestructure, that
is, characterizedby E/ G’ =100, in both the forced and free motion
regimes, a trend which is exacerbated in the latter motion regime.
On the other hand, for the controlled beam, the differences of the
response deflections obtained for shearable and unshearable beams,
in both free and forced motion ranges, are hardly detectable.
Similar but not identical conclusions also emerge in the case of a
rectangularpressure pulse (Fig. 4). Note from Fig. 4, in this case, the
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Fig. 5 Influence of the ply-angle orientation on beam dimensionless
tip deflection time history. Unshearable and free warping beam model;
rectangular pulse. The patch extension is z, = (0.2-0.1)L: ——, activated
structure, and ---; unactivated structure.
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Fig. 6 Influence of the piezopatch size on the beam time-history di-
mensionless tip deflection; unshearable and free warping beam model,
6 = 45 deg, and step pulse.
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Fig.7 Influence on the transversal deflection time history of the dis-
card ( -+ classical optimal control) and incorporation of the external
excitation ( , instantaneous optimal control) in the performance in-
dex, coupled with that of the ply-angle distribution (0 = 0 and 45 deg).
Unshearable and free warping beam model; rectangular pulse, L =
30 in. (0.76 m); z* = (0.2-0.1) L.
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Fig. 8 Influence of the voltage control constraint considered in con-

junction with the ply-angle orientation of the beam material on di-
mensionless tip deflection time history. Unshearable and free warp-

ing beam model: ——, V;;,x = 250 V, and ---; unlimited voltage; blast
pulse.
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Fig.9 Influence of the location of the piezopatch on the required elec-

tric power. Unshearable and free warping beam model, ply-angle 6 =
30 deg, constrained voltage (= 250 V), blast pulse.
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Fig. 10 Influence of the ply-angle orientation on the required electric
power. Unshearable and free warping beam model; z* = (0.2-0.1)L;
unconstrained voltage, blast pulse.
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Fig. 11 Influence of ply-angle orientation on control input voltage

time history; no input voltage limitations, piezopatch is located at
z* =(0.8-0.7)L; unshearable and free warping beam model; blast pulse.
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Fig.12 Influence of the actuator size and of ply angle on the control in-
put voltage. Unshearable and free warping beam model; instantaneous
optimal control, blast pulse (& = 16).

differencesforthe transversedeflectiontime history of shearableand
unshearablebeamsin the free and forced motion regimes appear less
pronounced as compared to those emerging in the case illustrated
in Fig. 3.

In Fig. 5, the effect of the ply-angle orientation on transverse
beam dimensionlesstip deflection time history of the activated and
nonactivated structure exposed to a rectangular pressure pulse is
highlighted. The results reveal that, with the increase of the ply an-
gle, whichis associated with an increase of the flexural stiffness (see
Ref. 5), a strong confinement of the deflection increase in the forced
motion regime, for both the activated and unactivated structure, is
obtained.

This trend also remains valid in the free motion regime for the
unactivated beam, whereas for the activated beam, in view of the
high efficiency of the feedback control, the influence of the tailoring
becomes almost immaterial.

The effect of the size of the piezoactuator on the transversal tip
beam deflection time history is recorded in Fig. 6. The results reveal
that when the location of the piezopatch actuator is close to the
beam root, the control efficiency is almost identical to that of the
piezoactuator featuring larger sizes.

InFig. 7, the comparisonbetween the results emergingin the case
of the instantaneous control and classical optimal control method-
ologies for two ply-angle configurations is displayed. The results

reveal that, especially in the forced motion range, nonnegligible
differences in the deflection response occur when the external ex-
citation is discarded in the performance index, as compared to the
more exact perdictions obtained when the external excitations are
included in the performance index. The obtained results also re-
veal that: 1) the classical linear quadratic regulator (LQR) control
overpredicts the deflection amplitude in the forced motion regime
as compared to that predicted by the instantaneous LQR, and 2)
the increase of the ply angle yields a containment of the deflection
increase. The obtained results, not displayed here, reveal that the
elastic twist is also strongly influenced by the increase of the ply
angle, in the same sense as the transverse deflection.

In the preceding numerical examples no limitation on the control
input voltage V(#) was imposed. However, in realistic problems,
the depoling voltage of 250 V in the current actuator configura-
tion should be considered as a limitation of the piezoactuators. In
Fig. 8, the solid lines correspondto limited voltage, V., =250V,
whereas the dotted lines correspond to the case when no limitation
on the voltage was imposed. The results reveal that even in the case
of the constrained voltage, implementation of a ply angle resulting
inanincreaseof the flexural stiffnesscan yield an enhanceddynamic
response within the forced motion regime.

Related with the power consumption, location of the piezoactua-
tor has a significant influence on the power requirements during the
suppressionof the beam vibration. It is found that when the piezoac-
tuator is located toward the root of the beam, that is, when control
effectiveness increases, the power consumption of the piezoactua-
tor increases as well. Such a result was also reported in Ref. 19. In
Fig. 9, the time history of the power consumption for two cases of
the patch location is displayed. The maximum power demand for
the piezoactuatorlocationz® = (0.5-0.4)L is approximately 33% of
the peak value correspondingto the location z* = (0.2-0.1) L.

In Fig. 10 the effect of ply-angle orientation on electrical power
consumption is shown. The results reveal that with the increase of
the ply angle, yielding an increase of the flexural stiffness of the
beam, a decay in the electrical power consumption is experienced.
The results not displayed here revealed that the same trend occurs
when a constraintin the amplitude control voltage is imposed.

Time-history input control voltage applied to PZT actuators is
recorded in Fig. 11 for the case of unconstrained control voltage.
The resultsemerging from Fig. 11 reveal that the increase of the ply-
angle that is accompanied by an increase of the beam stiffnesses,
results in an augmentation of the maximum control input voltage. At
the same time, results not displayed here reveal that, as compared to
the beam model incorporating warping inhibition, the free warping
model yields a slight increase of the control input voltage.

The influence played by the size of piezoactuatorsin conjuction
with that of the ply angle of the material of the host structure on the
controlinput voltage time history is recorded in Fig. 12. The results
reveal that within the forced motion regime, a lower control input
voltage is needed in the case of the piezoactuator spread over the
entire span of the beam than in the case of a piezopatch. In addition,
from Fig. 12 it becomes evident that an increase of the stiffness of
the structure inducedby an increase of the ply angle is accompanied
by an increase of the control input voltage, especially in the forced
motion regime.

X. Conclusions

A number of issues related with the influence of nonclassical ef-
fects on the optimal feedback control of the dynamic response of
thin-walled beams subjected to blast pulses have been investigated.
Among others, issues related with the influence of the location and
size of piezoelectricpatches,optimal control with input voltage con-
straint, input power consumption, and effects resulting from the in-
clusion in the performance index of external excitations have been
explored. The presented results reveal the synergistic interaction
and efficiency emerging from the implemented control methodol-
ogy based on the simultaneous application of the optimal feedback
control and of the tailoring technique, on the dynamic response of
cantileveredthin-walled beams exposed to time-dependentexternal
excitations.
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The first is the case of the beam whose material is transversely isotropic, the plane of isotropy coinciding at each point to the beam
(A1)

Appendix A: Matrices M and K Corresponding to a Number of Special Cases
midsurface. In this case, the bending and twist become decoupled. Herein the bendingis considered only. Correspondingto this case we have
[1‘71 w0 }
dz

0 22
dz + 6 / "
., 0  b,SST

(B, + &sb)VVT
(b, + 6,b,)SST

w10
TS

(ass + 55555)V’RT
21

assv'v't assV'R"
dz (A2)
assRV'"  assRR” + 45;R'R'”T

(ass + 5sa:55)V/V/T
(ass + 55555)RRT + (az; + 55533)R’R’T

L
K= :
o | (ass + 8dss)RV'T
Second is the case of the unshearable host structure incorporating warping inhibition and manufactured of an anisotropic material (CAS
—d37 V//s/T
dz

ply-angle configuration). For this case, M is given by Eq. (A1) and
L @ + Ssdss) V'V (@ + 3sdz)V'S" HES A
K = N N dZ + 5P A 1yNnT A 1QINT A 1 QIT
0 [ —(@ + 8as)S'V'T —(ags + S5des)S'S"T + (az; + 85477)8'S” o L—=anS'V —d6eS'S"T + 4178'S
(A3)
Third is the case of shearable host structure featuring free warping and manufactured of an anisotropic material (ply-angle configuration
provided by Eq. 5). In this case,
(by + &b)VV! 0 vt oo 0
M= 0 (b, + 551272)RRT 0 dz + 5})/ 0 b,RR” 0 dz (A4)
0 _ N zl 7 T
0 0 (Bs + S5bs)SS 0 0 DbSS
0

(ass + 55555)V’RT
(@ + Ss4:)R'ST | dz

(G + 55577)5’5”
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Fourth is the case of shearable host structure incorporating warping inhibition, its material featuring anisotropic properties (ply-angle
(ass + dsdse)V'S"”
dz

21
(as; + 55537)R’S’T + (as¢ + 5S&:56)S”RT

configuration provided by Eq. 5). M is given by Eq. (A4) and
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Last is the case of an unshearable host structure featuring free twist, whose material exhibits anisotropic properties (ply-angle configuration
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provided by Eq. 5). M is given by Eq. (A1), and
K = /L (ay + Ssa3)V'V'T —(ay + Sds) V'S
0o | —(ay + &an)S'V'T
Appendix B: Time-Dependent Pressure Pulses
(B1)

(ar + 85477)S'S”
1) The overpressure associated with the blast pulses can be described in terms of the modified Friedlander exponential decay equation as

py(s, 2, D= p ()] = P, (1 —t/1,)e™"'"

(see Refs. 20 and 21),
where the negative phase of the blast is included. In Eq. (B1), P,, is the peak reflected pressure in excess of the ambient one; ¢, is the

positive phase duration of the pulse measured from the time of impact of the structure, and @’ is a decay parameter that has to be ad-
justed to approximate the overpressure signature from the blast tests. The ratio p,/ P, vs. time for various blast signatures are shown
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in the insets of figures where the control to these loadsis concerned.
As may be inferred, the triangularpulse may be viewed as a limiting
case of Eq. (B2), occurring for a'/ t,— 0.

2) The sonic-boom wave signature can be modeled as an
N-shaped pressure pulse arriving at a normal incidence. Such a
pulse corresonds to an idealized far-field overpressure produced by
an aircraftflying supersonicallyin the Earth’s atmosphere or by any
supersonic projectile rocket or missile. The overpressure signature
of the N-wave shock pulse can be describedby (see Refs. 20 and 21)

Py(s, 2, )[= py(1)]

O<t<rt,
t>rt,

_ {P,,,(l —t/t,) for (B2)

0 for

where r is the shock pulse length factor and P,, and f, maintain the
same meaning as in the case of blast pulses.

3) The step pressure pulse can be viewed as a special case of blast
and sonic-boom pulses. This case is obtained either from Eq. (B1),
when f,— oo, or from Eq. (B2) whenr =1 andf,— 0.

4) The case of the rectangular pressure pulse

P, 0<r<t,

B
0 t>t, (B3)

Py(s,z, D= py ()] = {

will also be considered in this study.
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